The Circle of Willis (CoW) is a ring-like arterial structure located in the base of the brain, responsible for the distribution of oxygenated blood throughout the cerebral mass. Among the general population, approximately 50% have a complete CoW, and among a multitude of possible anatomical variations, vessels absent from the CoW are common. Certain conditions such as a build up of atherosclerotic plaque on the arterial wall can result in ischaemic damage and stroke-like symptoms. A 3D computer model has been developed based on the results of MRA scans of 3 patients' cerebral-vasculature incorporating a numerical algorithm to simulate the body's autoregulation mechanism. The intention of the present study was to investigate different anatomical states, including different vessels missing from the circle whilst occluding the main afferent arteries such as the Internal Carotid and Basilar Arteries.
Introduction
The Circle of Willis CoW (Figure 1 (1) ) is a ring-like arterial structure located at the base of the brain and is responsible for the distribution of oxygenated blood throughout the cerebral mass. The Internal Carotid and Basilar arteries bring blood into the CoW and are termed afferent arteries. The Anterior, Middle and Posterior Cerebral transport blood away from the CoW and are termed efferent arteries. The circle is completed by one anterior and two posterior communicating arteries which allow for blood to be rerouted in order to maintain oxygen supply to the cerebral tissue in the event that blood supply through any of the afferent arteries be reduced. Among the general population, approximately 50% have a complete CoW (2) , where absent or hypoplastic vessels are common, among a multitude of possible anatomical variations, reducing the degree to which blood may be rerouted. While an individual with one of these variations may under normal circumstances suffer no ill effects, there are certain pathological conditions which can present a risk to the person's health and increase the possibility of suffering an ischaemic stroke when compounded with the effects of an anatomical variation. Although the majority of strokes are caused by embolic events, atherosclerotic plaques in the major afferent arteries can lead to thrombosis and ischaemic conditions. Furthering the understanding of stroke and how blood is perfused in the cerebral vasculature under both normal and pathological conditions requires that both embolic and atherosclerotic situations should be investigated. However it is important to note that generally, the former does not occur without the latter. We therefore concentrate on the normal (healthy) case and the effects caused by the presence of atherosclerotic plaques. (1) In previous work (3) , idealized 3D CAD models were developed based on a Magnetic
Resonance Angiogram (MRA) of an individual's cerebral vasculature. The work presented here however outlines a new and improved method by which 3D models of the circle of Willis may be directly segmented from the MRI data combined with Phase Contrast (PC) MRI measurements of blood flow through the efferent arteries to generate patient specific simulations of the response to occlusions of the afferent arteries The model uses the novel approach of porous blocks to represent the effects of the arteriole and capillary beds (4) , and the major efferent arteries have therefore been terminated a short distance downstream of the circle with a porous block at each efferent artery's termination. This block represents a resistance to the flow with the same attributes as the capillary bed such that realistic representations of the flow can be achieved. Furthermore, the resistance of the porous block is part of an active control system, representing the body's autoregulation mechanism, essentially the body's ability to react to changes in blood pressure in the cerebral territories to maintain homeostasis by altering the diameters of the muscular arteries and arterioles downstream of the CoW.
Methods
Earlier research into modeling blood flow throughout the circle of Willis involved the generation of idealized models. While a detailed description of the method employed is given in Moore et al. (3) a brief outline will be provided in order to illustrate the recent improvements made in the field of physiological accuracy of both the geometry and the cerebral autoregulation model.
Geometry Generation
The creation of the idealized 3D models, involved using 3 orthographic projections from an MR Time of Flight (TOF) angiogram of a circle of Willis and tracing splines over the segments of each artery (Figure 2a) . By projecting splines from any two of the three sketches (for a given artery comprising the model) a 3D skeletal structure was created (Figure 2b ). Circular cross sections were then lofted along the skeletal structure and the arterial junctions also lofted together to complete the model (Figure 2c) , the diameters of which are given in Moore et al. (3) . The CAD models are useful for examining the effect of variations in arterial diameter on blood flow throughout the circle as the diameters can be parametrically driven. This technique only works well for small variations in diameter and requires a separate CAD model for every type of anatomical variation. Recent research has improved the geometry generation methodology with the creation of in-house, interactive software for generating patient specific models of the circle of Willis. Using specially developed filtering algorithms and a variation of a standard marching cube algorithm, the 3D geometries can be directly segmented from the 3D MRA dataset (Figure 3 ).
Cerebral Autoregulation Model
The two main features of the brains cerebral autoregulation mechanism which need to be captured mathematically in order to physiologically simulate changes in cerebral blood flow (CBF), are the transient dynamics (Figure 4a ) and the limits of mean arterial blood pressure MABP within which the mechanism is effective (Figure 4b ). The nature of the dynamics comes from a study performed by Newell et al. (5) where a step reduction in MABP was induced in a number of volunteers with a thigh-cuff-test maneuver and CBF was monitored using Transcranial Doppler (TCD). As is illustrated in Figure 4a the CBF exhibits first order dynamics, gradually returning to its set point over a period of approximately 20 seconds as the cerebrovascular resistance (CVR) adjusts. The limits of autoregulation come from a study performed by Strandgaard et al (6) where MABP was reduced in a number of volunteers in a series of steps, by infusion of trimethaphan camsylate in combination with a head-up-tilt maneuver, while CBF was monitored. The results showed that despite the variations in an individuals actual MABP, their lower limit of autoregulation would be reached when MABP was reduced by the approximately the same proportion. For the normotensive subgroup examined in the study, the lower limit was achieved following a 26% reduction in MABP. Fig. 4 Example data illustrating a) autoregulation dynamics (5) and b) Autoregulation lower limit (6) The earlier cerebral autoregulation model involved a single first order ODE for CVR:
Where the first term on the right hand side of (1) represents proportional control, with gain G P , based on an error in CBF from its set point sp and the second term represents an integral control term with gain G I , incorporated to filter out the higher frequency fluctuations in CBF over the cardiac cycle so that CVR would only respond to react to changes in mean CBF. The limits of autoregulation were imposed on CVR by a logical check during simulations such that if the desired change in CVR was outside the autoregulated range, the value returned into the CFD solver was either the upper or lower limit. Further development of the model has brought about a number of changes, the first of which is the abandonment of the integral control term. The reasoning behind this is that it is thought that the body has no equivalent physiological mechanism that would represent integral control, and only reacts to proportional changes in CBF. Because of the differences in time scale between the cardiac cycle and the time it takes to alter CVR, it has been found that CVR still does not react over the cardiac cycle despite removal of this term. Further changes have included attempting to model mathematically the correct physiological causes for changes in CVR. Intuitively, the body does not react to the amount of blood flow, but instead to changes in concentrations of certain metabolites, or, when considering the myogenic aspect of autoregulation, to stretch in the arterial wall induced by changes in blood flow. While the exact biochemical pathways and metabolites involved in smooth muscle cell relaxation are not fully elucidated it is known clinically that CO 2 is a very powerful vasodilator and is involved in brain metabolism. The present autoregulation model hence assumes CVR to be a function of the CO 2 levels in the brain tissue, where the dynamics are modeled as:
Where C t CO 2 is the tissue concentration of carbon dioxide, C a CO 2 is the arterial concentration of carbon dioxide (assumed to be 0.49mL/mL) and CMRO 2 is the metabolic rate of oxygen consumption (assumed to be 0.035mL/g/min for all parts of the brain), which due to the stoichiometry of the aerobic metabolism in the brain tissue, is equal to the cerebral metabolic rate of carbon dioxide production. The driving cause for CVR to alter is subsequently given by an autoregulation activation, Aut CVR which is a function of the difference in tissue CO 2 levels:
Where G CVR is the proportional gain (taken as 7 in order to reproduce the time scales illustrated in (5) ) and the set point for CO 2 in the tissue is given by the steady state solution of (2) as:
By definition, the set points for tissue CO 2 occur when CBF is also at its set point. The reason for separating out the actual resistance from its driving force (tissue CO 2 ) is to allow for a more elegant approach to incorporating the limits of autoregulation, given as:
so that CVR becomes a sigmoidal function of Aut CVR with upper and lower limits CVR ll and CVR ul . The constant C is defined as:
such that with zero autoregulation activation, CVR is at its set point. The final change to the model is the inclusion of another dynamic for the clinical variable known as oxygen extraction fraction (OEF). While not strictly a part of cerebral autoregulation, it is closely associated with it, and is vitally important if oxygen delivery to the brain tissue is the primary feature under investigation. OEF is the amount of oxygen available in the arterial blood, which is actually used by the brain tissue, and under normal circumstances is of the order of 30 -40%. It therefore provides another backup mechanism for preventing ischemic conditions by allowing more oxygen to be extracted from the arterial blood, if CBF cannot be restored to its set point. Using a similar approach to the CVR model, the OEF activation is modeled using an activation Aut OEF as which is a function of the difference in oxygen delivery to the brain tissue, from the brains CMRO 2 :
( )
Where G OEF is a proportional gain (taken as 100) and C a O 2 is the oxygen concentration in arterial blood (assumed to be 0.21mL/mL). The limits of OEF are modeled using a similar sigmoidal function as for CVR:
Where intuitively the lower limit of oxygen extraction is zero, and the upper limit is taken as the average from a number of studies (7) as 77%. The constant O has the same effect as C in (5), and is evaluated in the same manner as (6) with OEF replacing CVR.
Governing Equations
In order to model the blood flow throughout a circle of Willis, the governing equations are the conservation of mass:
And the conservation of momentum:
As these two equations are commonplace in any fluid dynamics modeling, it is assumed that their meaning is understood and the only two terms worthy of elaboration are the first and last terms on the right hand side of (10). The non-Newtonian blood viscosity η is modeled using the Carreau-Yasuda model:
( ) (10) is an extra body force term which is applied only in the fluid domain occupied by the porous blocks and is essentially Darcy's law for porous media. The CVR determined by the cerebral autoregulation model is input into the body force term at every timestep during the simulation in order to regulate CBF.
Boundary Conditions
Given the assumptions for C a CO 2 and CMRO 2 the set points for the C t CO 2 in each efferent artery require a measurement of CBF under normal conditions. Earlier work (3) used the assumption of a total inflow into the CoW of 750mL/min and a CVR ratio of 6:3:4 between the ACA, MCA and PCA respectively, in order to determine 'generic' values, for the efferent CBF sp . Recent improvements have however utilized CINE phase contrast magnetic resonance imaging (PC MRI) in order to measure CBF in each efferent artery.
With the development of in-house interactive software a region of interest (ROI) can be drawn around the artery of interest (Figure 5a ) and the CBF computed over the cardiac cycle ( Figure 5b ) and subsequently averaged in order to be input into (4). The encoding velocities chosen V enc , were 70cms -1 for the ACA's and PCA's and 80cms -1 for the MCA's with 30 points throughout the cardiac cycle specified. Earlier work (3) showed that pressure boundary conditions at the model inlets and outlets are the most physiologically accurate if blood flow throughout the circle of Willis is to be altered. The reason being that the alternative involves specifying the blood velocity and hence blood flow, in one manner or another. If the effects of an occlusion, or partial stenosis of an artery are to be investigated, then specifying the blood flow constrains the simulation and would not produce a reduction in CBF following an occlusion or stenosis, or even allow for the autoregulation model to change the CBF (thereby restoring C t CO 2 levels) by altering its CVR. Inlet pressure waveforms of 120 over 80mmHg are therefore imposed on the afferent artery inlets and a capillary bed pressure of 30mmHg is imposed on the efferent . The inlet pressure waveforms were generated by taking the afferent CBF waveforms (Figure 5b ) by mapping the peak systolic and diastolic flowrates to a pressure of 120 over 80mmHg and linearly interpolating all points in between.
The simulations were performed with the finite volume solver Fluent TM version 6.2.16 using the segregated-implicit solver, first order upwinding, node-based gradient reconstruction, SIMPLE pressure-velocity coupling and second order implicit time integration schemes with a timestep size of 0.04s. The cerebral autoregulation model was discretized with a Runge-Kutta 4 th order scheme.
Results
The results presented here consist of 9 simulations, performed on 3 different circle of Willis anatomical variants. The first variation is a normal complete circle of Willis (Figure  6a) , the second has a missing right PCoA (Figure 6b ) and the third variant has a fused pair of ACA's (Figure 6c ), meaning that no ACoA exists for that particular individual. In all three cases the left and right ICAs are independently occluded (100% stenosis), along with a BA occlusion. For these conditions the efferent oxygen delivery is assessed against the 'normal' condition thus simulating either the correct amount of oxygen perfused to the tissue or a reduced delivery (and possible ischaemic condition). Table 1 displays the average CBF (determined from PC MRI) and the CVR for each efferent artery under normal or "set point" conditions, for the 3 case studies. As was explained in 2.2, the actual values of CVR are unknown. To circumvent this problem the values of CVR at the set point and lower limit are found implicitly as part of the overall simulation by taking an initial guess (1000 mm -2 ) and allowing autoregulation to independently alter the CVR for each efferent artery, without the sigmoidal limiting function, until the set points for C t CO 2 and hence CBF are reached. At this point the current CVR is recorded. To determine CVR ll the procedure is performed with the inlet pressure waveforms reduced by 26% of their normal value (to correspond with Straandgard et al. (6) ) and for CVR sp this procedure is performed with the inlet pressure waveforms at their normal 120 over 80mmHg amplitude.
Since the upper limit of autoregulation will not be approached by simulating an occlusion it was decided to make CVR ul equal to CVR sp plus the difference between CVR sp and CVR ll . It should be noted that the numerical values of CVR obtained under normal and lower limit of autoregulation conditions depend upon the length and diameter of the porous blocks and bear no relation to the peripheral resistance of a cerebral mass supplied by a given efferent artery.
Complete circle of Willis
Since there is a large amount of data generated in every simulation, the transient results for all of the autoregulation variables will only be presented for the first simulation in order to illustrate the dynamics of the model. For all subsequent simulations, only the end results will be presented, illustrating either sufficient or insufficient oxygen delivery following an occlusion.
Following an occlusion of the LICA it can be observed that the reduction in afferent blood supply from the LICA causes large reduction in efferent CBF through the LACA and LMCA, while the other efferent arteries are relatively unaffected (Figure 7a ). The reduction in CBF through these arteries is accompanied by an increase in C t CO 2 in the cerebral mass supplied by these arteries (Figure 7b ), which thereby activates the autoregulation mechanism causing CVR to decrease in order to restore CBF (Figure 7c ). It can be observed however that for the LACA and LMCA, CVR reaches its lower limit (the corresponding dashed lines in Figure 7c ) so that CBF is only partially restored and hence C t CO 2 remains above its set point at the end of the simulation. The partial restoration in CBF for the LACA and LMCA is brought about by an increase in afferent supply through the RICA and BA (Figure 7d ), which is rerouted through the ACoA and LPCoA respectively, which is illustrated in Figure 7e by the large increase in CBF from normal conditions. During the period of reduced blood flow OEF can be seen to increase dramatically through the LACA and LMCA in order to maintain oxygen delivery (Figure 7f ) and since CBF is not completely restored in these two arteries, OEF remains elevated at the end of the simulation.
As a more efficient method of conveying the important results of the simulation the radial plots illustrated in Figures (8a-c) illustrate the time averaged values of CVR, OEF and O 2 delivery before and after the occlusion where the dashed hexagons represent the lower and upper limits for CVR and OEF respectively. As can be observed the lower limits of CVR are attained for the LACA and LMCA and hence the OEF remains elevated such that the O 2 delivery is able to meet the brains metabolic requirements. Given an occlusion of the RICA however, it can be observed in Figures (9a-c) that due to the smaller diameter of the RPCoA and the higher CBF through the RACA and RMCA, compared to the LACA and LMCA (Table 1 ), despite reaching the lower limit of CVR and the upper limit of OEF on these two arteries the O 2 delivery cannot be maintained to fulfil brains metabolic requirements, indicating possible ischaemic conditions. Given an occlusion of the BA it can be observed in Figures 10a-c that because of the presence of both PCoA's, sufficient blood supply may be rerouted toward the posterior of the CoW to completely restore CBF in the LPCA and RPCA, illustrated by that fact that CVR on both of these arteries does not reach its lower limit. As a result, OEF returns to its normal level and O 2 delivery is maintained. 
Missing PCoA
For this anatomical variation, given an occlusion of the LICA a similar pattern is observed as for the complete CoW. As illustrated in Figures 11a-c , the CBF through the LACA and LMCA cannot be totally restored as CVR has reached its lower limit, and hence OEF remains elevated, but does not reach it's upper limit and O 2 delivery is maintained. One interesting feature which differs from the complete CoW is that the blood flow through the RACA is affected more by the occlusion, which is illustrated by the fact that the CVR of this artery decreases by approximately 20% compared to approximately 5% for the complete CoW. The underlying reason is that this individual has a larger ACoA (approximately 1.9mm diameter compared to 1.3mm for the complete CoW) and therefore more blood is rerouted through it in order to restore CBF to the starved LACA and LMCA, which is in fact stolen from the RACA, meaning that its CVR must decrease for this artery in order to restore its CBF.
Intuitively it would be thought that following an occlusion of the RICA there would be a greater chance of ischaemic conditions compared to the complete CoW, because in this case the RACA and RMCA must be supplied with blood solely through the ACoA. As is illustrated in Figures 12a-c however, this is not the case, and while CVR reaches its lower limit on these arteries and OEF remains elevated, O 2 delivery is able to be maintained in this case. The reason is again due to the ACoA being larger for this particular individual and allowing for significantly more blood to be rerouted. Given an occlusion of the BA, the oxygen starved LPCA and RPCA are relying totally on the LPCoA for blood supply. As is illustrated in Figure 13a -c, the CVR of the both PCA's reaches its lower limit and OEF its upper limit, but O 2 delivery cannot be maintained, indicating possible ischaemic conditions for this particular combination of geometry and occlusion. 
Fused ACA's
For this particular anatomical variation the fusion of the ACA's provides a much greater conduit for blood to be rerouted around the anterior of the CoW. This means that following a LICA occlusion (Figures 14a-c) and a RICA occlusion (Figures 14d-e) blood may be rerouted with only the CVR on the LMCA and RMCA respectively for each simulation reaching its lower limit. There is only a slight increase in OEF required to maintain O 2 delivery. The reason for the elevated OEF on the arteries which did not reach their lower CVR limit is that the simulation would have required more time in order for OEF to return to its set point, but the crucial result is that O 2 delivery was able to be maintained. Similar to the missing PCoA variant, it can be observed that the increased capacity for blood to be rerouted around the anterior means that efferent arteries contralateral to the occlusion are affected to a greater extent, meaning that much more blood supply is stolen from them and rerouted to the ipsilateral efferent arteries. Given an occlusion of the BA however, the increased ability to reroute flow around the anterior of the CoW is of no advantage and it can be seen that both the LPCA and RPCA reach their CVR lower limit attempting to restore CBF. Since both PCoA's are present and are of sufficient size, when combined with an elevated OEF, O 2 delivery is maintained to the posterior of the CoW. 
Discussion
The results presented here represent only initial entries into a much larger dataset which must be generated in order to attempt to draw any generalized conclusions with confidence. The simulations do however illustrate the authors current view that cerebral haemodynamics are highly patient specific and that assessing the viability of an individuals circle of Willis depends not only on the anatomical variation, but on the particular lengths and diameters of all arteries present and on the amount of efferent blood supply under normal conditions. It is straightforward to see how, given the possible combinations of variations in length, diameter and normal blood flow for the arteries comprising the CoW, and the obvious importance of slight changes in normal blood flow and diameter, the results obtained from idealized models may be too broad a generalization to be of use. In fact, perhaps the largest limitation of the earlier work (3) was the assumption of the same efferent CBF for all CoW variations. Considering the RICA occlusion for both the complete CoW and the missing PCoA as an example of this fallacy, idealized models would predict that the complete CoW would be more resilient to this pathological condition, due to the presence of two communicating arteries to reroute blood. Due to the variation in ACoA diameter, which possibly arose to compensate for the congenital defect, the converse was found to be true. Rather than dwell on categorizing anatomical variations using idealized models, future work will most likely continue down the path of developing techniques for the rapid creation of patient specific CFD models, in order to develop patient specific answers to pathological conditions. The biggest limitations to the study at this point are related to calibrating the autoregulation model. At present, PC MRI is the only available technique to quantitatively measure efferent CBF in all of the major cerebral arteries. Because of the relatively small size of the efferent arteries however, and the limited resolution of the MRI scanner it is frequent that in a given scan, a cerebral artery will be comprised of less than 20 pixels. Furthermore, the choice of ROI to represent the artery is open to interpretation. Despite these limitations the technique has been shown to highly accurate in vivo in larger non-cerebral arteries (8) and improvement will come from employing greater magnetic field strengths and scanning protocols. In addition the values of CBF obtained in this study for the various cerebral arteries compare well with those obtained in other studies (9) . Since partially or totally occluding an individuals afferent cerebral arteries (or even altering their MABP) while at the same time measuring their efferent CBF presents great practical and ethical problems, validation of the cerebral autoregulation model in vivo presents the second major limitation of the research at present Future work will however seek to instead alter arterial blood levels of CO 2 while an individual is in the MRI scanner and hence cause autoregulation to respond in much the same way as if an artery had been occluded. Future work will also involve developing techniques to simulate stenoses in one or more of the afferent arteries, of varying degrees and also in combination with complete occlusions. This will complicate matters by adding even more variables to an already complicated problem further emphasizing the need to use the technique for patient specific clinical scenarios.
